We re-analyze the possibility of large scale dark (bulk) flow with respect the the CMB background based upon the redshift-distance relation for Type Ia Supernovae (SN Ia). We have made a Markov chain Monte Carlo analysis in redshift bins for z < 0.05 and z > 0.05 using both Union.2.1 and SDSS-II data sets. We have also made studies based upon simulated data in which a bulk flow is imposed to determine whether the difficulty in detecting a bulk flow at high redshift is due to uncertainty in the redshift-distance relation, confusion with peculiar velocities, or the absence of a bulk flow. With the Union2.1 data set, we find a bulk flow velocity of v bf = 270 ± 50 km s −1 in the direction of galactic coordinates, (l, b) = (295 ± 30, 10 ± 5)
I. INTRODUCTION
There has been interest [1] [2] [3] [4] and some controversy [5] [6] [7] [8] [9] [10] over the prospect that the local observed dipole moment of the cosmic microwave background (CMB) may not be due to motion of the Local Group, but could extend to very large (Gpc) distances.
Indeed, if a universal CMB dipole exists it would be exceedingly interesting. Such apparent large scale motion could provide a probe into the instants before cosmic inflation, either as a remnant of multiple field inflation [11, 12] , pre-inflation fluctuations entering the horizon [13, 14] , or a remnant of the birth of the universe out of the mini-superspace of SUSY vacua in the M-theory landscape [15, 16] . Such possibilities lead to a remnant dipole curvature in the present expanding universe that would appear as coherent bulk velocity flow relative to the frame cosmic microwave background [15, 16] . Hence, this has been dubbed "dark flow," or bulk flow. The discovery of such cosmic flow could, thus, provide the first glimpse into the pre-big bang universe and constitute the first observational evidence of our connection to the greater multiverse. Hence, there have been many attempts [1-4, 6, 8, 17-25] to observationally identify such a dark flow at high redshift.
The current observational situation is as follows: it has been known since the 1980s [26] that the local dipole flow extends well beyond the local cluster. This was dubbed "the great attractor." However, subsequent work in the 1990's [27] has shown that the local flow extends at least to 130 h −1 Mpc. Moreover, there has not been much evidence of infall back toward the "great attractor" from material at larger distances. There is, however, recent evidence [9] of a supercluster extending to a scale ∼ 160 h
−1
Mpc. There still remains, however, a need to observationally analyze for a bulk flow at distances well beyond ∼ 160 h −1 Mpc.
Detecting such dark flow may be possible [1] [2] [3] [4] 6 ] by means of the kinetic Sunayev-Zeldovich (kSZ) effect. This is a distortion of the CMB background along the line of sight to a distant galaxy cluster due to the motion of the cluster with respect to the background CMB. A detailed analysis of the kSZ effect based upon the WMAP data [28] seemed to confirm the existence of a bulk flow velocity out to at least 800 h −1 Mpc [1] . However, this was not confirmed by a follow-up analysis using the higher resolution data from the Planck Surveyor [6] . The Planck results set a (95% confidence level) upper limit of 254 km s −1 for the bulk flow velocity and are consistent with no dark flow. It has, however, been convincingly argued [7] that the background averaging method in the Planck Collaboration analysis may have led to an obscuration of the effect. Nevertheless, the Planck Collaboration is still consistent with nearly half of the observed CMB dipole corresponding to a cosmic dark-flow component.
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Independently of whether the dark flow has been detected via the kSZ effect, in view of the potential importance of this effect it is worthwhile to search for such cosmic dark flow by other means. Indeed, there have been many attempts [8, [17] [18] [19] [20] [21] [22] [23] [24] [25] to analyze the redshift-distance relation based upon different standard candles. For example, some work has been attempted [24] based upon the the COMPOSITE sample of 4534 galaxies, on scales in which much of the flow is in the nonlinear regime. For this set, distances were determined by the Tully-Fisher or "great plane" approach. However, for distances greater than about 100 h −1 Mpc no dark flow was identified. Galaxies in which a Type Ia Supernova (SN Ia) has occurred provide, perhaps, the best alternative [8, [17] [18] [19] [20] [21] [22] [23] 25] because their distances are better determined. However there is less data available. In this work we report on our analysis based upon a Markov chain Monte Carlo (MCMC) and a global cosine fit to 650 galaxies with SN Ia redshifts in the Union2.1 supernova data set [29] . We have also analyzed galactic SN Ia distances identified in the SDSS-II survey [30, 31] . Although the previous Union2 data set [32] has been analyzed via an MCMC approach in earlier work [8] , we find that we can slightly improve on that analysis by transforming to Cartesian coordinates. We find marginal evidence in the MCMC analysis for a continuation of the dark flow in redshift data beyond z = 0.05 (∼ 100 h −1 Mpc) in the Union2.1 data set. However, the analysis of the SDSS data is severely limited by the paucity of data in the direction of the cosmic dipole moment. It is hoped that as data on SN Ia at high redshift continue to be obtained that sufficient sky coverage will allow for an answer to the question of how far the dark-flow continues.
With this in mind, in the second part of this analysis, we examine both the Union2.1 data set and simulated data sets in which a known bulk flow velocity has been imposed. This analysis allows for a quantitative analysis of the likelihood of detecting a dark flow with existing data and the quality of data required for an unambiguous identification of whether or not a cosmic dark flow exists in future surveys.
II. DATA ANALYSIS
We begin with a flat-space isotropic and homogeneous FLRW metric, whereby the metric is written:
where a(t) is the scale factor, and we adopt natural units (c = 1). The supernova luminosity-distance relation for a flat, k = 0, cosmology can then be written
where H 0 is the present Hubble constant, while Ω m and Ω Λ are the closure contributions from (cold plus baryonic) matter and Dark energy, respectively. The relation between the observed luminosity distance modulus µ and D L is just
Of particular relevance to the present application, as noted in [8] , is that the peculiar velocities of supernovae can alter the luminosity-distance relationship since the observed redshift z depends upon both the original (unperturbed) redshiftz and the relative peculiar velocities of the observer v o and the source, v s . Specifically,
where n the unit vector along the line of sight, pointing from the observer to the supernova. The observed luminosity distance D L then relates to the unperturbed luminosity distanceD L via:
If the unperturbed frame is taken to be the CMB frame, then one can set v o = 0. Nevertheless, the physics is not invariant under the exchange of v o and v s . This allows one to find the local reference frame that moves with velocity v o with respect to the background space-time of the CMB frame. As in [8] we assume that when averaged over a large number of supernovae, v s can be represented by an average bulk flow velocity for the entire system, i.e. v s = v bf , where v bf is the bulk flow velocity being measured.
A. MCMC ANALYSIS
In the first analysis we have utilized Union2.1 data set from the Supernova Cosmology Project [29] to implement an MCMC search of the parameter space using the COSMOMC code [33] . In this analysis, standard parameters were fixed at the best fit values from the WMAP 9yr analysis [28] . We made a transformation from galactic coordinates to cartesian velocities (U x , U y , U z ) in the MCMC analysis. This makes it easier to find the three components of the bulk flow velocity vector. These were then transformed back to galactic coordinates (l, b).
As in [8] we divide the bulk flow search into two bins, one for low redshift (z < 0.05) and one for higher redshifts. A comparison of the results of this study with other searches for the bulk flow velocity are summarized in Table I. 1. Results at low redshift Figure 1 shows contours of constant probability and likelihood as labeled in the plane of various parameters in the MCMC analysis of the low redshift data. These contours show that there are no strong degeneracies among the parameters. Figure 2 shows the likelihood (thin lines) and probability distributions for the inferred bulk flow velocity components and Galactic coordinates from the MCMC analysis in the low-redshift range. Figure 3 shows the detected 1 and 2 σ contours of the bulk flow velocity distribution projected on the sky. From these three figures one can see that out to a redshift of 0.05, there is a well defined bulk flow velocity of v bf = 270 ± 50 km s
in the direction of (l, b) = (295 ± 30, 10 ± 15)
• . Figure 4 shows the contours of constant probability and likelihood as labeled in the plane of various parameters. Figure 5 shows the likelihood and probability distributions for the inferred bulk flow velocities from the MCMC analysis in the high-redshift range. Figure 6 shows the bulk flow velocity distribution projected on the sky. From these three figures one can see that beyond a redshift of 0.05, there is at best a marginally defined defined bulk flow velocity of v bf = 1000 ± 600 km s direction of (l, b) = (120 ± 80, −5 ± 30)
Results at high redshift
• .
B. Cosine Analysis
If a bulk flow is present, the redshift residual (the difference between the redshift observed and that expected from a ΛCDM cosmology) will have a a simple cosine dependence over the angle between the bulk flow direction and a supernova in the sample. The amplitude is then equal to the magnitude of the bulk flow velocity.
Therefore, as an alternative method, we have made straight-forward five parameter χ 2 fit to the expected cosine distribution. The five parameters are: 1) the bulk flow redshift (z bf ); 2) & 3) the angular direction in Galactic coordinates; and 4) & 5) two cosmological parameters (Ω m & H 0 ). Again we assume a flat cosmology, so that
The fitting function is then
Here a velocity of 300 km s −1 was added to the error to de-emphasize the peculiar motion from local inhomogeneities in the determination of χ 2 . The quantityˆ exp is the expected residual given by a particular bulk flow velocity, defined aŝ
with θ d being the angular distance on the sky between direction of the bulk flow and the SN Ia positions. The quantity z res is the difference between the observed redshift and that expected from the ΛCDM model. This redshift difference is calculated using
Here, z ΛCDM is the expected redshift at a given distance assuming a given set of ΛCDM cosmological parameters [34] . Finally, z error is the observational error determined from the error in the distance modulus as defined by Davis et al. in [35] . For a flat universe the z error is defined as
where µ error (∼ 0.2 in Union2.1) is the observational error in the distance modulus.
Results at low redshift
This analysis was first performed on the lower redshift bin, z < 0.05, of the Union2.1 data set. We included SN Ia that are often excluded for their low redshift but deleted SN Ia that had a distance modulus error greater than 0.4 mag. The the best-fit bulk flow velocity was v bf = 325±54 km s −1 , pointed in the direction of (l, b) = (276±15, 37±13)
• , consistent with the MCMC analysis. Figure 7 shows a comparison of the Union2.1 data set with the best fit curve. Although the scatter in the data is large, the data are well fit by a cosine function. 
Results at high redshift
A key aspect of a cosmological bulk flow is that it should occur at all redshifts. As in [8] and the MCMC analysis above, we analyzed the z > 0.05 data separately. Figure 8 shows the best fit from the cosine analysis compared with the Union2.1 data set. The fit yields a bulk flow of v bf = 460 ± 260 km s −1 in the direction of (l, b) = (180 ± 34, 65 ± 340)
• as summarized in Table  I . Although this seems consistent with and better constrained than the MCMC analysis above, this is at best marginally significant (1.8σ). As seen in Figure 8 , the scatter is quite large (note the change in scale) and does not show an obvious cosine distribution comparable to the scatter in the data. In particular, it should be noted that for fixed distance modulus errors the velocity uncertainty increases with redshift, suggesting that going to high redshift will require a larger sample of SN Ia.
C. Analysis of SDSS Stripe 82
We applied both the MCMC analysis and the global cosine analyses to the SDSS-II SN Ia data [30, 31] , including both spectroscopic and photometrically classified Type Ia Supernovae [36] . Although there is a large sample of galaxies with well measured SN Ia distances in the SDSS data, the data resides along a single stripe which does not overlap the expected bulk flow direction determined from the analysis of the Union2.1 data set. This makes an identification of the bulk flow difficult. Nevertheless, Stripe 82 is close to the putative bulk flow direction. Hence, it was deemed worthwhile to examine the viability to detect a bulk flow. No bulk flow could be detected in either the MCMC analysis or the cosine fit. Result of 100 data sets that mimic the SDSS data set with z < 0.15 but they do not have a bulk flow. This illustrates the high probability for a false detection.
When analyzing these data and testing a null hypothesis with a simulated data set similar to SDSS in location, redshift distribution, and observable errors, the results easily gave bulk flow velocities upwards of 10 4 km s
with inconsistent directions in the sky. This can be seen in Figure 9 . Any bulk flow found that was consistent with previous results would also be consistent with zero. More analysis was done and the cosine fit was only marginally better at detecting a bulk flow if it was at the edge of Stripe 82. This means that, although a uniform analysis of dense SN Ia from an SDSS-like survey could be very helpful, the currently existing single stripe, even in the direction of the bulk flow, provides insufficient sky coverage. 
III. ANALYSIS OF SIMULATED DATA SETS
A. Simulated bulk flow at low redshift
As a means to test the robustness of determining a bulk flow velocity from the sample noise, multiple SN Ia data sets were created that mimicked the low redshift bin of the Union2.1 data set, but in which a known bulk flow velocity could be imposed. These simulated data sets were created to have the identical positions and errors to that of Union2.1. A Hubble flow redshift, z ΛCDM , for each SN Ia was determined, so the distribution of the simulated set matched that of Union2.1. Subsequently, the distance modulus was determined and noise was added, consistent with the noise in the SN Ia distance modulus errors.
Results of this study are shown in Figures 10 and 11 . Figure 10 shows the deduced bulk flow velocity vs. imposed velocity for a simulated data set with the same errors as the low-redshift Union2.1 data set. As one can see, it is easy to recover any bulk flow down to ∼ 100 km s −1 . However, below this velocity local galactic peculiar velocities distort the fit.
A confidence level in the measured value of v bf can be determined by searching for bulk flows in simulated data sets for which no bulk flow is present. Figure 11 shows the probability of detecting a bulk flow velocity if none exists. This figure was made by calculating the deduced bulk flow velocity of 100 simulated data sets for which v bf = 0. As one can see, a value of v bf as large as our apparent value of v bf = 325 ± 54 km s −1 is statistically distinct from a null at the confidence level of better than 99%. FIG. 11 . Result of 100 data sets that mimic the low redshift bin of Union2.1 but do not have a bulk flow. As seen, the detected value of 325 km s −1 is well outside any of these null results. This test shows that the measured value is consistent with a real detection. Nevertheless, this figure also shows that deduced values ∼ 100−200 km s −1 could not be distinguished from the case of no bulk flow. 12 . This is the result of 100 data sets that mimic the high redshift bin of Union2.1 but do not have a bulk flow. As seen, it is possible to infer a very large value for v bf even if no bulk flow exists. Hence, it is not possible to detect a bulk flow from the high redshift data.
B. Simulated bulk flow at high redshift
A more relevant question is whether the lack of detection for the high redshift sample is because there is no bulk flow, or whether there is too much dispersion in the data to deduce the bulk flow even if it is present. To answer this question we generated simulated data for the high redshift subset in the same manner as the low redshift subset. Figure 12 shows the results of 100 simulated high redshift (z > 0.05) data sets in which there is no bulk flow. As can be seen, there is more then a 50% probability of To quantify how large a bulk flow velocity would have to be to unambiguously determine its magnitude in the Union2.1 data set Figure 13 illustrates the magnitude of the deduced bulk flow velocity as a function of imposed bulk flow for simulated high redshift data sets. Figure 13 shows that until v bf > ∼ 2000 km s −1 no bulk flow could be detected.
With a bulk flow of 2000, 3000, or 5000 km s −1 one could recover a bulk flow velocity of 941 ± 996, 5032 ± 629, or 6813 ± 1275 (mean ± 1σ). Only if there were a bulk flow of velocity greater then 2000 km s −1 could it be detected. Moreover, the bulk flow needs to be greater then 5000 km s −1 before it could be accurately determined.
IV. CONCLUSION
Based upon two independent analyses of the Union2.1 SN Ia redshift-distance relation, we have shown that a statistically significant bulk flow can only be detected in the low redshift (z < 0.05) subset. In the high redshift z > 0.05 subset, at best only a marginal detection can be made. These and previous attempts are summarized in Table I . On the basis of a statistical sampling of simulated low redshift data sets, with and without various bulk flow velocities, we could confirm that the detection of a bulk flow of ∼ 300 km s −1 is statistically significant at a better than the 99% confidence limit. However, a similar analysis shows that no bulk flow could be detected in as a function of redshift based upon the requirement that the error in the distance modulus be less than the ratio of the bulk flow velocity to the Hubble expansion velocity at that redshift.
the SDSS-II sample even if the bulk flow were present. Moreover, we have shown that it is impossible to detect a bulk flow velocity of v bf < ∼ 2000 km s −1 in the current high redshift Union2.1 data subset. Hence, similar bulk flow velocity values to those at low redshifts (ie. < 500 km s −1 ) are not detectable at present. The reason that the bulk flow is undetectable at z > 0.05 can be traced to the large errors in the determined distance modulus of the data. This is because for a fixed distance modulus error, the actual error in the velocity increases with redshift. From repeated analyses similar to that of Figures 10 and 13 , it was determined that the ∆v from the observational errors, µ error , needs to be of the same order as the v bf in order to have a detectable bulk flow.
An illustration of this is given in Figure 14 . This shows the required error in the distance modulus for a bulk flow velocity to be detected relative to the Hubble expansion velocity at a given redshift. From this we infer that a detection of the bulk flow of < ∼ 500 km s −1 in the high redshift range of 0.05 < z < 0.3 would require an error in the distance modulus, per SN Ia, to be reduced to within an unprecedented range of 0.04 mag < µ error < 0.01 mag, whereas the error in the current Union2.1 data set is ∼ 0.2 mag. Hence, the lack of detection of a bulk flow at high redshift is not because it is not there, but rather that the bulk flow velocity becomes a small fraction of the Hubble expansion velocity and gets obscured by observational distance errors.
More realistically, an effective distance error can be reduced by observing additional supernovae (until a systematic error floor is reached). The typical distance error for supernovae in the Union2.1 sample is µ SN = 0.2 mag, so to reach a effective uncertainty of 0.02 mag requires a sample dispersed across the sky that is at least 100 times larger. That is, assuming Gaussian errors, the 350 SN Ia, with z < 0.3, of the Union2.1 sample would have to increase to more than 35000 events to make the mean error comparable to the bulk velocity. This sample size will be achievable with the Large Synoptic Survey Telescope (LSST). For that sample, the distance errors should no longer be a problem, but the sky distribution might expose unknown issues. Therefore, answering the question of whether a bulk flow exists will require about an order of magnitude reduction in the error in the distance determinations or a drastic increase in the size of data sets compared to what is presently available in SN Ia surveys.
Finally, as an illustration of the viability of a future surveys with better determined distances, Figure 15 shows simulated data sets with 500 supernovae uniformly distributed across the sky, subtracting the galactic plane, out to z = 0.3, but with µ error = 0.01. Here one can see that a bulk flow would be easily detected at high redshift even down to v bf ∼ 300 km s −1 . 
